In an effort to search for a new binary two-level autocorrelation sequence, the decimation-Hadamard transform (DHT) based on special classes of known binary sequences with two-level autocorrelation is investigated. It is theoretically proved that some realizations of a binary generalized Gordon-Mills-Welch (GMW) sequence can be predicted from the structure of subfield factorization and the realization in its subfield. Furthermore, it is shown that the realization of any binary two-level autocorrelation sequence with respect to a quadratic residue (QR) sequence is either a QR sequence or the sequence itself.
I. INTRODUCTION
Recently, Gong and Golomb developed a new method to study and search for two-level autocorrelation sequences for both binary and non-binary cases [1] . This method is iteratively to apply two operations: decimation and the Hadamard transform based on general orthogonal functions, referred to as the decimation-Hadamard transform (DHT). Basically, it was inspired from Dillon and Dobbertin's work [2] where the Hadamard transform was firstly used for the analysis of a new two-level autocorrelation sequence. The -th order iterative DHT can transform one class of such sequences into another inequivalent class of such sequences, a process called realization. Using the second order iterative DHT and starting with a single binary ¡ -sequence, Gong and Golomb verified that one can obtain all the known two-level autocorrelation sequences of period ¢ ¤ £ ¦ ¥ § which have no subfield factorization for odd
In this paper, realizations of binary generalized GMW sequences and quadratic residue sequences are investigated. At first, the second order DHT of the binary generalized Gordon-Mills-Welch (GMW) sequences of period ¢ £ ¥ § and the relation between the subfield factorization and the realization by the second order DHT are investigated. Consequently, it is theoretically shown that some realizations of a binary generalized GMW sequence corresponding to an orthogonal function in a finite field can be predicted by the realization of its subfield component function in its subfield.
In addition, results on the second order DHT of quadratic residue (QR) sequences are provided. Using special properties of a QR sequence, the realization of any binary two-level autocorrelation sequence with respect to a QR sequence by the second order DHT is discussed. It is shown that a valid realization of any binary two-level autocorrelation sequence with respect to a QR sequence is either a self-realization or a QR sequence.
This paper is organized as follows. In Section II, we give some preliminary reviews of concepts and notations on sequences that we will use in this paper. In Section III, realizations of the binary generalized GMW sequences by the second order DHT are investigated. Mathematical proofs and experimental results are provided. In Section IV, realizations of any binary two-level autocorrelation sequence based on a QR sequence are investigated. In Section V, concluding remarks are given.
II. PRELIMINARIES
In this section, we present some preliminary reviews on concepts and notations about sequences that we will frequently use in this paper. The following notation will be used throughout this paper.
represents the integer ring. representation of sequences, see [5] and [6] .) . Also, the extension of each orthogonal function can be considered by the composition with trace functions as follows. 
B. Decimation of Periodic Sequences
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In the following, we will show the main theorem on the second order DHT of the binary generalized GMW sequences. , which is not generally guaranteed because there exist at most six realizable pairs for a specific realization
[1]. The experimental results confirmed that if we start from a binary GMW sequence, then we can obtain all known binary GMW sequences and at most six decimation distinct classes of binary generalized GMW sequences with a form of
, where
, and # is a decimation factor of
. Tables I and II show complete lists of realizations and realizable triples predicted from Theorem 1 for the binary GMW sequences for © ¢ and §
1
, respectively. Table III shows the list for the binary generalized GMW sequences for © ¢ §
. In Table V In Table I . From Table II , it is noted that all binary GMW sequences and one binary generalized GMW sequence can be realized by the second order DHT of the binary GMW sequences.
In Table III , . We list several properties that we will use in this section whose proof can be found in [13] , or easily derived from the number theory in [13] . 
A. Quadratic residues and non-residues
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B. Cross-correlation of QR sequences
Using the concept of QR and QNR, a quadratic residue (QR) sequence
with a period of
Similarly, we can consider another distinct class of QR sequence
with the same period.
QR sequences with a period of The cross-correlation of two distinct QR sequences with a period of ¢ £ ¥ § can be derived by using a similiar way in [17] . This is stated as follows. 
C. Hadamard transform of QR functions
From the auto-and cross-correlation property of a QR sequence, the Hadamard transform of a QR function with respect to itself or its distinct QR function is easily derived. Otherwise,
where is a primitive element in ¤ 57
. . Therefore, the result follows from (11) and (12). 
Proof: If

¡
Proof of Lemma 5:
In the second order DHT given in (12),
if it is a valid realization [1] . To prove Lemma 5, therefore, it is sufficient to prove that
is not a QR function and ¡ is QNR. Let This will be shown in Appendix II. Table IV .
In Table IV, each 
, respectively, which is a self-realization.
, also a self-realization. From Theorem 2 and Table IV , it is noted that the realization of any binary two-level autocorrelation sequence with respect to a QR sequence is either a self-realization or a QR sequence.
V. CONCLUSION
In this paper, realizations of special classes of binary two-level autocorrelation sequences by the second order DHT have been investigated. Firstly, the realization of the binary generalized GMW sequence and 21 corresponding realizable triples can be predicted by the second order DHT in its subfield. Secondly, the realization of any two-level autocorrelation sequence with respect to a QR sequence can also be predicted, and a valid realization is either a self-realization or a QR sequence. In Tables VII and VIII, 
